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Abstract

In this paper, we prove some common fixed point results in the
framework of metric and partially ordered metric spaces
satisfying a generalized contractive condition of rational type.
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in the literature.
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1. Introduction

The Banach contraction mapping is one of the pivotal results of analysis. It is a very popular tool
for solving existence problems in many different fields of mathematics. There are a lot of
generalizations of Banach contraction principel in the literature (see [1]-[23] and references cited
therein).

Ran and Reurings [22] extended the Banach contraction principel in partially ordered sets
with some applications to linear and nonlinear matrix equations. While Nieto and Rodriguez-
Lopez [20] extended the result of Ran and Reurings and applied their main theorems to obtain a
unique solution for a first order ordinary differential equation with periodic boundary conditions.
Bhaskar and Lakshmikantham [4] introduced the concept of mixed monotone mappings and
obtained some coupled fixed point results. Also, they applied results on a first order differential
equation with periodic boundary conditions.

Recently, many researchers have obtained fixed point, common fixed point results in
metric spaces and partially ordered metric spaces. The purpose of this paper is to establish some
common fixed point results satisfying a generalized contraction mappings of rational type in
metric and partially ordered metric spaces.

To start with, we recall some definitions.
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Definition 1.1. Let M be a nonempty subset of metric space (X, d)and T,f: M M. Apoint isa
common fixed (respectively, coincidence) point of f and T if x =fx = Tx (respectively, fx = Tx).
The set of fixed points ( respectively, coincidence points) of f and T is denoted by F (f, T)
(respectively C(f, T).
The pair (T, f) is called
a) commutative if Tfx=fTxforall ;

a) commutative if Tfx=fTxforall Xe M ;

b) compatible [16] if lim d (T fx,, fTXn) = 0 whenever {x,} is a sequence such that

Tx, = lim fx, =t forsome t in M;

c) weakly compatible [17] if f and T commute at their coincidence points, i.e., if fTx=
T f x whenever fx =
2 Main Results
2.1 Common fixed point theorems in metric spaces

In this section, we prove a common fixed point theorem for three single — valued mappings
in the setting of metric spaces.
Theorem 2.1. Let M be a subset of a metric space (X, d). SupposethatT, f, g: M — M satisfy

d(Tx, fy) < a( d(9x.Tx)d(gy. fy) )j +B(d(gx,0y))  (21)

d(ox, gy) +d(gx fy)+d(gy,Tx
for all X,yeM and for some «, £,€[0,1) with a + f# <1. Suppose also that
T(M)u f(M)g g(M) and (g(M),d) is complete. Then

(i) T, f and g have a coincidence point in M;
(2) If the pairs (g, T) and (g, f) are weakly compatible, then T, f and g have a unique
common fixed point.

Proof : Let X, € X.Since T(M)u f(M)c g(M) we can choose X, X, € M so that
gx, = TX,and 0X, = fX,. By induction, we construst a sequence {Xn}in X such that

Oy = 1%, and g%, , = X, ., ,forevery n> 0.

By (2,1),
d (gX2n+2 1 gX2n+l 2n+1’ )
< a( gxznw fX2n+1) d (gxzm TXZn) J_’_
gX2n+1’ gXZn) + d (gX2n+l'TX2n) + d (gXZn’ f 2n+1)
B(d (9o gx2n))
< a[ gx2n+l’ gX2n+2) d (gXZn’ gX2n+l) ]_'_
(OXzn.r O%n ) + A (Qxapir Wy ) + A (9K, Py )
B(d(PXn1r Fon))
gX2n+1' gX2n+2) d (gXZn’ gX2n+1)]
+ B(d (9%, 9%
[ gx2n+l' gx2n+l) ( ( o ? ))
= a(d(Prar T ) + B(d(Ponrs 90 )

(CZ + 'B) d (gx2n+l’ gXZn)I (2'2)
Which implies that
d (gX2n+2 ) gX2n+1) < (a + ﬁ)d (gX2n+1’ gXZn) (2.3)

Using, mathematical induction we have
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d (gX2n+2 ! gx2n+1) < (0{ + ﬂ)2n+l d (gxzn+1l gxzn) (2.4)

Put K = a + f# <1. Now, we shall prove that {gx,} is a Cauchy sequence. For m >n, we have

d (9%, 9%,) < d(9%,, O%ny) + d (9%, 1, 9Ky p) + oo +d (9,00 OX,)

kn
s(l_k]d(gxl, 9%,) (2.5)

Which implies that d (gx,,gx,) — Oas m, n — oo. Thus {gx,} is a Cauchy sequence.

As (g(M),d) is complete, there ist € M such that gX, — gt asn —oco. We shall prove
that t is a coincidence point of T, f and g. We have

d(Qxznz, ft) = d (T, ft)

d (gXZH’ TX2n+1) d (gt, ft)
R e e e WO

_ A (9¥ens PKon) A (G, t) .\ y
= [ )] B(d (9%, gt))

d (gXZn’ gt) + d (gXZn’ ft) + d (gt! gX2n+1
On letting N — oo , we have d(gt, ft) = 0 and hence gt = ft.
Also, we have

d(Tt, gt) = d(Tt, ft)

< “[d( d(gt, Tt) d(gt, ft) )J+,B(d(gt, )

gt,gt) +d(gt, ft) + d(gt, Tt

This implies that d(Tt, gt) = 0, that is, Tt = gt.
Thus we have, gt = Tt = ft, that is, t is a coincidence point of T, f and g. Then (i) holds.
Now, suppose that the pairs (g,T) and (g,f) are weakly compatible.Let z = ft = gt = Tt. Then
we have gTt = Tgt and gft = fgt, which implies that Tz =fz = gz. On the other hand, we have

d(gz, z) = d(Tz, ft)

. 0{ d(gz, Tz) d(gt, ft) j+ﬂ(d(gZ, gt))

d(gz,gt) +d(gz ft) + d(gt,Tz)

This implies that d(gz, z) =0, that is, gz = z. Hence, we get that z=gz =Tz = fz, that s, z isa common
fixed point of g,T and f. This makes end to the proof.
Suppose now that z'€ M is another common fixed point of g,T and f, that is
=gt =T =2

We have
d(z, ') = d(Tz, fz)

(9z, Tz) d(gz', f2* )
O{d( d(gz.T2) d (07", 7) )]Jrﬁ(d(gz, gz)).

9z,92') + d(gz, f') + d (gz', Tz

This implies that d(z, z}) = 0, that is, z = z&. Thus we proved the uniqueness of the common fixed
point. Hence, (ii) hold.
Corollary 2.2. Let M be a subset of a metric space (X, d) Suppose that T,S: M — M satisfy

- d(Sx, Tx) d(Sy,Ty)
d(TxTy) < O{d(Sx, Sy) +d(Sx,Ty) + d(Sy, TX)J i ﬂ(d (5% Sy))
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for all x,y€ M and for some a + £ € [0, 1) with @ + f < 1.Suppose also that T(M) < S(M) and
(S(M),d) is complete. Then

(i) T and S have a coincidence pointin M ;

(i) If the pair (S,T) is weakly compatible, then T and S have a unique common fixed point.
Corollary 2.3. [15] Let T be a continuous self map defined on a complete metric space (X, d).
Suppose that T satisfies the following contractive conditions:

- d(x, Tx) d(y,Ty)
d(Tx,Ty) < a[d(x, y)+d(xTy)+d(y, Tx)] " ﬁ(d(x, y))

for allX,y € X, andforsome «, f €[0,1) with ¢+ <1 ,then T has a unique fixed point
in X.
2.2 Common fixed point theorems in ordered metric spaces
In this section, we prove a common fixed point theorem in the setting of ordered metric spaces.
Definitions 2.1. Suppose (X, <) is a partially ordered setand T: X — X . T is said to be monotone
nondecreasing if forall X,y € X,

x< y implies Tx< Ty. (2.6)
Definition 2.2. Let (X, <) be a partially ordered setand T, f, g: X — X are mappings such that
T(X)c g(X)and f(X)< g(X). Then T and f are weakly increasing with respect to g if

and only if for all x € X, we have
(a) Tx < fyforall y e g™*(TX) ;
(b) X <Tyforallye g’l( fx).

Various examples of such mappings are given in [18].
Remark2.4. Ifgx=x forall X € X, then T and f are weakly increasing with respect to g

implies that T and f are weakly increasing mappings. Note that the concept of weakly increasing
mappings was introduced by Altun and Simsek in [3].

Theorem 2.5. Let (X, <) be a partially ordered set and suppose that there exists a metric d on
X such that (X, d) is a complete metric space. Suppose that T, f, g : X — X satisfy

N < 4 d(ox, Tx) d(gy, fy) . N
AT ) < [d(wagy)+d(gxfy)+d(gyfﬂq} pldlongy) @7

forallx, y € X, gx<gy and forsome «, £, €[0,1) with a+f <1.
Suppose that
(i) T(X) C g(X), f (X) C g(X)and g(X) is a complete subspace of X ;

(i) T and f are weakly increasing with respect to g.

Also suppose that either

a) the pair (T, g) is compatible and T, g are continuous ; or

b) the pair (f, g) is compatible and f, g are continuous.

Then T, f and g have a coincidence point, that is, there existst € X such that gt =ft=Tt.
Proof. LetxpeX. From (i), we can choose x;, x2€ X such that gx; = Txo and gxz = fx;. By induction,
we construct a sequence {gx,} in X such that gxzn«1 = TX2n and gxzn+2 = fXxans, for everyn > 0.

We claim that

gX, < gX,,for alln>1. (2.8)
Since T and f are weakly increasing mappings with respect to g, we obtain

o =Tx < fy, Vy e g™ (Tx).
Since gx1 =Txo, then X, € g’l (TXO) , and we get

g% :Txo = le = 0%,

n+1

Again,
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= fx, <Ty,Vyeg™(fx).
Since, X, € g ( fx,) we get
gx, = fx, < Tx, = 9x
By induction on n, we conclude that
0% 2 0% 2 X Doy X Py S e
Thus our claim (2.8) holds.
Since gX,, < 0X,,,, forall n=1, from (2.7), we have

d (gX2n+2 ! gx2n+l fX2n+l’ TXZn)

( gX2n+l’ fX2n+l) d (gXZn' TXZn) J +
gX2n+1’ gXZn + d (gx2n+1'TX2n) + d (gXZn’ f 2n+1)
B(d(Pon1r 9%0))
a{ gX2n+1' gX2n+2) d (gXZn’ gx2n+l) J+
(9Xan1r OXn ) + A (GXanors Papan) + A (9Xzp, IXe2)
ﬂ( gX2n+1' gX2n )
gX2n+1' gX2n+2) d (gXZn’ gX2n+1)J
Sa + B(d (9%, %
[ gx2n+17 gx2n+2) ( ( o i ))
= a(d(Ponetr 9Gn)) + B(d(Por1r 9%, ))
=la+ ﬂ) d (gX2n+l’ gXZn ) ’ (29)
Which implies that
d (gx2n+2 1 gx2n+1) S (0{ + ﬁ)d (gX2n+1’ gXZn) (2'10)
Using, mathematical induction we have
d (gx2n+21 gX2n+1) (Ol + ﬁ)znﬂ ( 2n+1? gxzn) (211)

Put K = a + f# <1. Now, we shall prove that {x,} is a Cauchy sequence. For m >n, we have
d(9%n, 9%,) < d(Q%y OXys) + A (IKss PKp) + e+ 0 (GKis 9X,)
< (K™ K™ k) d (g%, 0%)

kn
s(l_k]d(gxl, 9%,) (2.12)

Which implies that d (ng , an) — 0as m, n — . Thus {gx,} is a Cauchy sequence.

Since (g(X),d) is complete, there ist € M such that gX, — gt asn —o0.

Suppose that condition (a) holds. Let z =gt. Then we have
lim Tx,, = I|m OX,, = Z.

Since the pair (T, g) is compatible, then

lim d(g(T%,,),T( 9%, )) =0. (2.13)
Also, from the continuity of T and g, we have

nhﬂl d(9(Tx, ). T( g%, )) =d(gz, Tz). (2.14)

Now, using (2,13) and (2,14), by the uniqueness of the limit, we have d(gz, Tz) =0, thatis, gz=Tz.
Using (2.7), we have
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d(gz, z) = d(Tz, fz)

< O{d( d(gz Tz) d(gz, f2) J+ B(d(gz, 97)).

9z,9z) + d(9z, fz) + d (gz,Tz)
which implies that gz = fz. Thus, we have gz =fz=Tz,and z is a coincidence point of T, g and f.
If condition (b) holds, then by following the same arguments, we get the result.
Corollary 2.6. Let (X, <) be a partially ordered set and suppose that there exists a metric d and
X such that (X, d) is a complete metric space. Suppose that T, S: X — Xsatisty

d(Tx,Ty) < a[d(Sx, S‘j/)(ix,dTé)deT(ySiy;T;/)(S% TX)) +p(d(sx Sy))  (2.15)

for allX,y € X ,5x<Sy and for some a, f €[0,1) with o+ <1.

Suppose that

(i) T(X) < S(X), and S(X) is a complete subspace of X;

(i) T is monotone S—non —decreasing ;

(iii) the pair (T,S) is compatible and T, S are continuous.

Then T and S have a coincidence point, that is, there exists t € X such that St = Tt.

Other consequences of our results are the following for the mappings involving
contractions of integral type.

Denote by A the set of functions  : [0,00) — [0,0) satisfying the following hypotheses

(h1) uis alebesgue —integrable mapping on each compact subset of [0, o0);

(h2) forany &>0, we have J:,u(t)dt >0.
Corollary 2.7. Let (X, <) be a partially ordered set and suppose that there exists a metric d and
X such that (X, d) is a complete metric space. Suppose that T, f,g: X — X satisfy

) d(gx. Tx)d(gy, fy) x),
J-Od(T , fy)[//('[)dt <a J'Od(gx,gy)+d(gy,Tx)+d(gx,fY) V/(t) dt + ,BJ-:(Q( ) g(y))V/(t)dt

for allx, y € X for which gx<gy are comparable, ¥ € A and for some «, f €[0,1)  with
a+p<1l.

Suppose that

(i) T(X) < g(X), f(X) < g(X) and g(X) is a complete subspace of X ;

(i) T and f are weakly increasing with respect to g.

Also suppose that either

(a) the pair (T, g)is compatible and T, g are continuous ; or

(b) the pair (f, g) is compatible and f, g are continuous.

Then T, f and g have a coincidence point, thatis, there exists t € X such that gt = ft
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